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LOW-TEMPERATURE SUSCEPTIBILITY
OF THE CLASSICAL FRUSTRATED
FERROMAGNETIC SPIN CHAIN
Abstract.

Background. Low-dimensional magnets with competing (frustrated) interactions
have attracted much attention last years because these systems have many unusual
magnetic properties which are important for application. One of the interest class of
such compounds is cuprates consisting of edge-sharing chains with CuOs plaquets
with the ferromagnetic (F) and the antiferromagnetic (AF) exchange interactions be-
tween Cu?" magnetic ions. Of particular interest are the cuprates for which the frus-
tration parameter is close to the critical value corresponding to the quantum phase
transition. A minimal model describing the magnetic properties of these cuprates is
so-called F-AF chain with the F interaction of nearest-neighbor spins and the AF in-
teraction of next-nearest-neighbor ones. The aim of this work is to study low-
temperature magnetic properties of the F-AF chain with the frustration parameter
which is close to the critical value. We focus our attention on the behavior of the
magnetic susceptibility and the correlation functions in this point.

Materials and methods. The study of the low-temperature thermodynamics of the
quantum F-AF chain is a complicated problem. However, there are reasons to expect
that the behavior of the low-temperature magnetic properties is universal for the quan-
tum and the classical F-AF chains. Therefore, we consider the classical F-AF chain
for which the exact analytical calculations can be provided. They are based on the
transfer matrix method adapted to the systems with the competing interactions.

Results. The partition function of the classical F-AF chain with the critical frustra-
tion parameter in the low-temperature limit can be reduced to the Schrodinger equation
for the quantum particle in the special potential. The eigenvalues and the eigenfunc-
tions of this equation are found. As a result we obtain exact low-temperature asymptot-
ic of the pair correlation functions and the magnetic susceptibility. In the T—0 limit
the susceptibility diverges as T#? and the correlation length as T-'. So, the critical in-
dices of the susceptibility and correlation length are 4/3 and 1/3 correspondingly.

Conclusions. The obtained results demonstrate strong influence of the frustration
effects on the magnetic properties of the F-AF chain. In particular, the critical index
of the susceptibility is changed from 2 to 4/3 when the frustration parameter is
changed from zero to the critical value and from 1 to 1.3 for the correlation length.
It is noted that the low-temperature asymptotic with the same critical indices have
been obtained for the quantum F-AF chain by spin-wave method. This testifies the
universality of the behavior of the magnetic properties of both quantum and the
classical F-AF chains.

Key words: frustrated ferromagnetic chain, low-temperature susceptibility, low-
dimensional magnet, frustrated interactions, cuprates.
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AHHOTaALMA.

Axmyanenocms u yenu. Hu3KopasMepHBIE MarHeTHKH C KOHKYPHPYIOIIUMHU
(ppycTpupyronmmMu) B3aHMOJCHCTBHAMH O0JIAAI0OT PSAAOM HEOOBIYHBIX MAarHUTHBIX
CBOMCTB, BaXXHBIX JJISI NPAKTHUECKUX TMPUIOKEHUH, U WHTCHCHBHO HCCICIYIOTCS B
nocneaaue roasl. OqHUMH 13 Haubosiee MHTEPECHBIX CHCTEM 3TOTO THIIA SIBIISIOTCS
MEIHOOKCHIHBIE COeAMHEeHUs (KympaTbl), cocTosmue u3 rernoyek CuO4 co cpaBHU-
MBIMH I10 BETMYMHE OOMEHHBIMHU B3anMoAeHcTBHAME (eppomaranTHoro (F) u anTH-
deppomarautaOro (AF) THIoB MexIy MarHuTHEIMEM HoHamu Cu?’. OcoOblii HHTEpeEC
TPEJICTaBILIIOT KYIIPATHL, Ul KOTOPBIX MapaMeTp (pycTpanuy (OTHOLIEHHE BEIUYHH
AF u F B3auMojeiicTBuii) ONM30K K KPUTHUCCKOMY 3HAUCHHIO, COOTBETCTBYIOIIEMY
TOYKe KBaHTOBOTO (hazoBoro mepexoxa. [Ipocreiimeir MOeNbI0, OMMCHIBAIONIECH Mar-
HHUTHBIE CBOWCTBA 3THX KYIIPATOB, SIBISIETCS CITMHOBA 1ieniodka ¢ F B3anmoneicTBnem
cocennux crHoB U AF B3anmopeiictBuem Hecocennux (F-AF nenouka). Lensto nan-
HOI pa0oThl SBJIAETCS M3ydYCHHE HHM3KOTEMIIEPAaTYPHBIX MarHUTHBIX CBOMCTB F-AF
LENIOYKH C IapaMeTpoM (pycTparu, OJIU3KUM K KPUTHYECKOMY 3HAYEHHIO U, B 4aCT-
HOCTH, HaXOXJICHUIO TEMIIEPAaTypHON 3aBUCHMOCTH MarHUTHOI BOCIIPHUMYHBOCTH.

Mamepuanvt u memooul. ViccnenoBannue HI3KOTEMIIEPATyPHOH TEPMOIUHAMUKH
kBaHTOBOH F-AF memouku mpezcTaBiseT BeChbMa CIOKHYIO B MAaTEMaTHYECKOM OT-
HOIIICHUU 3a7a4yy. BmecTe ¢ TeM ecTh OCHOBaHMS OKUAAThH, YTO MOBEACHUE HU3KO-
TEMIIEpaTyPHbIX MarHUTHBIX CBOMICTB SIBIISI€TCSI YHUBEPCAJIBHBIM Ul KBAaHTOBOU U
knaccmueckord F-AF menodexk. [Toaromy B maHHON paboTe paccMOTpeHa KilacCHye-
ckas F-AF memouka, 11 KOTOpOH yAaeTcsl MPOBECTH TOYHBIE aHAIUTHYECKUE BBI-
YHUCICHUS HU3KOTEMIIEpaTypHOH TepMoauHaMuku. OHM OCHOBaHBI HAa HUCHOJIb30Ba-
HUHM MeTO/a TpaHchep-MaTpHuIlbl, ClIEHANBHO aJalTHPOBAHHOTO K MCCIIEJOBAHHIO
CHCTEM C KOHKYPHPYIOIIUMHU B3aHMOJICHCTBHSIMHU.

Pesynomamer. B nipenene HU3KUX TeMIIEpaTyp CTaTHCTHYECKas CyMMa KJIACCHU-
yeckoil F-AF nenouku ¢ mapamerpom ¢pycrpanuu, OJIM3KUM K KPUTHIECKOMY, CBE-
JieHa K pemeHuro ypasHeHus lllpeaunrepa s KBaHTOBOM YacTUIBI B MOTEHLUAIE
CHELHaIbHOTO BHJA. B pesynbrare pemeHns: COOTBETCTBYOMETo AudepeHIraib-
HOTO YpaBHEHHMS OBbLIM HalJeHbI COOCTBEHHBIE 3HAUEHUS M COOCTBEHHBIE (DyHKIUN.
OTO MO3BOJIMIO MNOJIYYUTh TOYHBIE HHU3KOTEMIEpPaTypHbIE ACHUMOTOTHKH MapHOMH
KOppEIALUMOHHON (yHKIMM M MarHuTHOM BocmpuuMumBocTH F-AF  nenoukn.
B npeaene T— 0 BOCOPMUMYUBOCTD ) PACXOAUTCA KaK ¥ ~T#3 | T.e. KpuTHuecKuit
MHJIEKC BOCTIPUMMYMBOCTH paBeH 4/3, a Koppensiuonnas jumna ~T3,

Bowisoovl. TlonyueHHble pe3ysbTaThl yKa3bIBaeT Ha CHIbHOE BiMsHHE dPdeKkToB
¢pycrpanm Ha MmarHuTHBIe cBolicTBa F-AF 1ierouky, B 0coOeHHOCTH BOJIM3H TOUKA
¢azoBoro nepexozna. B yacTHOCTH, KPUTHIECKUH MHIEKC BOCIIPUUMYNBOCTH H3MeE-
HsieTcst oT 2 1o 4/3 npu n3MeHeHuH napaMeTpa (GpycTpaiiu OT HyJsl 1O KpUTHYe-
CKOTO 3HAYCHHS, a MHACKC KOppesAIHoHHON umHbl oT 1 mo 1/3. Cnemyet oTme-
TUTb, YTO HU3KOTEMIEPATYpHbIE ACUMITOTHKM MAarHUTHOM BOCHPUHMMYHMBOCTH U
KOPPEIALHUOHHOMN JIMHBI ¢ TAKUMH K€ KPUTHYECKUMH HHACKCAMH OBIIH TTOY9IEHBI
B paMKax NMPHOJIMKEHHOTO CIIMH-BOJIHOBOTO METO/A U Il KBAHTOBOM Mozenu. JTo
CBUJIETENIBCTBYET 00 YHHBEPCAIBHOCTH B IOBEJICHUMHM MAarHUTHBIX CBOMCTB KBaHTO-
BOi1 1 knaccudeckoil F-AF nenouex.

KaioueBsle cioBa: ¢pycrpupyromas GpeppoMarauTHas LETOYKa, HA3KOTEMIIe-
paTypHasi BOCIIPUUMUYHUBOCTb, HU3KOPAa3MEPHBIE MAarHETHKH, (hPPyCTPUPYIOIIUE B3a-
UMOJICHCTBHUS, KyIIPATHI.

Introduction

Strongly frustrated low-dimensional magnets have attracted much attention
last years [1]. A very interesting class of such compounds is edge-sharing chains
where CuO, plaquets are coupled by their edges [2—7]. An important feature of the
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edge-sharing chains is that the nearest-neighbor (NN) interaction J; between Cu
spins is ferromagnetic while the next-nearest-neighbor (NNN) interaction J, is
antiferromagnetic. The competition between them leads to the frustration. A

minimal model describing the magnetic properties of these cuprates is so-called F-
AF spin chain model the Hamiltonian of which has the form

H= lesnsnﬂ +JZZSn Sn+2 (1)

where S,, is the spin operator on 7-th site, and the exchange integrals are J; <0
and J, >0.
This model is characterized by a frustration parameter oo=J,/|J;|. The

ground state properties of the quantum s=1/2 F-AF chain have been intensively
studied last years [8—17]. It is known that the ground state of the model is
ferromagnetic for aa<1/4. At ao.=1/4 the ground state phase transition to the
incommensurate singlet phase with helical spin correlations takes place.
Remarkably, this transition point does not depend on a spin value, including the
classical limit s =oo.

However, the influence of the frustration on low-temperature
thermodynamics is less studied especially in the vicinity of the ferromagnetic-
helimagnet transition point. It is of a particular importance to study this problem,
because edge-sharing cuprates with o=1/4 (for example, Li,CuZrOy,

RbyCuyMos0), ) are of special interest [18]. Unfortunately, at present the low-

temperature thermodynamics of quantum s=1/2 model (1) at ao#0 can be
studied only either by using of numerical calculations of finite chains or by
approximate methods. On the other hand, the classical version of model (1) can be
studied by analytical methods giving exact results at 7 — 0. Of course, the
question arises about the relation of these results (in particular, for the
susceptibility) to those of the quantum model. It is known [19-21] that the quantum
and classical ferromagnetic chains (a=0) have universal low-temperature
behavior. Similar universality holds for the dimerized ferromagnetic chains too
[22]. As was noted in [20] the physical reason of this universality is the
consequence of the fact that the correlation length at 77— 0 is larger than de
Broglie wavelength of the spin waves. This property is inherent in the frustrated
ferromagnetic too. Though such universality for the frustrated ferromagnetic chains
is not strictly checked at present, one can expect that the universality holds on for
the F-AF chain as well. Therefore, the study of the classical model (1) can be
useful for the understanding of the low-temperature properties of the quantum F-
AF chains.

At zero temperature classical model (1) has long range-order (LRO) for all
values of o : the ferromagnetic LRO at a0<1/4 and the helical one at a0 >1/4. At
finite temperature the LRO is destroyed by thermal fluctuations and
thermodynamic quantities have singular behavior at 7 — 0. In particular, the zero-
field magnetic susceptibility % diverges. For the 1D Heisenberg ferromagnet (HF)

X=2[Jy1/3T% [23]. At 0<ca<1/4 the susceptibility is  =2(1—4a)|J|/3T%.
This behavior of 7 is similar to that for the quantum s=1/2 F-AF model [24].
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The value T 2 vanishes at the transition point indicating the change of the critical

exponent. In this paper we focus on the low-temperature behavior of the classical
F-AF chains at the ferromagnet-helimagnet transition point, i.e. at o«=1/4. This
problem is interesting on its own account, because the spectrum of low-energy
excitations is proportional to k* rather than k2 as for the HF model. It means that
the critical exponents characterizing low-temperature behavior of thermodynamic
quantities at oo =1/4 can be different from those for the HF chain.

Interesting question is the influence of the frustration on the low-
thermodynamics of the model especially near the transition point oc=1/4. We
study this problem for the classical version of the model (1). At zero temperature
the classical model has along range-order (LRO) for all values of «: the
ferromagnetic LRO at a<1/4 and the helical one at a>1/4. At finite
temperature the LRO is destroyed by thermal fluctuations and thermodynamic
quantities have a singular behavior at 7 — 0. In particular, the zero-field
susceptibility 7 diverges. For the 1D Heisenberg ferromagnet (o=0)

%=2|/1|/3T% [25]. At 0<a<1/4 the susceptibility is y=2(1—4o)|J;|/3T2.
This behavior of 7y is similar to that for the quantum s=1/2 F-AF model [24].
We focus our attention on the behavior of  in the transition point.

1. Partition function

The partition function Z of the model (1) at aa=1/4 is

N
1
Z= H_[dgn eXp(Z(SnSnH _ansn+2)/t) (2)
n=1

where S, is unit vector, dQ2, is the volume element of the solid angle for n-th
site, t=T/ |J1| and the periodic boundary conditions are proposed.

Our further calculations are based on the transfer matrix method and we use
a version of this method adapted to the model with NNN interactions by Harada
and Mikeska in [26].

Following to [26] we represent Z in a form

N
z=T] denK(en_l,en;%) , 3)
n=1

where

~ex (cosen_l +cosB, (cosB, cosb, +sinb, ;sinb, cosq)n)j @)
2t 4¢ ’

where 0, is the angle between S, and S,,.; and ¢, is the angle between
components of S, ; and of S, projected onto (X,,,Y,) plane of the n-th local
coordinate system with the Z,, axis parallel to S,, .
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Integrating (4) over ¢, we obtain Z in a form

TE .
z=T] joden sin®,4(6, 1,0,). (5)
n
where
1 cosf,_;+cosB, cosH,_;cosO 3
A(®,_1,6,)==1I(- n-l n 20T 2 (6
( n—1 n) 5 0( z)exp( 2 4t 4l‘j ( )
S = sin®,_; sinO, ‘ )
4¢
Let us consider an integral equation
TE .
jo A(81,0,)W, (05)sin (0, )d0y = AW, (6), (8)
where Wy, (0) satisfy normalization condition
n .
jo Vo, (B)Wp(8)sinBd6 =5, 5. 9)

Eigenfunctions y, and eigenvalues A, can be chosen as real since the
kernel A(6;,6,) is real and symmetric. Then,

A8,6) =Y AW (O (6). (10)

Substituting (10) in (5) we obtain in the thermodynamic limit
Z=\Y, (11)

where A is the largest eigenvalue of (8).
In the low-temperature angles 0, are small and we can use the asymptotic
expansion of the modified Bessel function

e 1 )
10(—2)—@(1+§+0(z )). (12)

Then, we expand the expression in the exponent of the transfer matrix to the
fourth order in ©; to obtain

a2 a2a2 P
A®102)= - 142 lexp SO0 619, O=9) | g
7'59192 29162 8t 8t 96t

We can neglect the term (6; — 0, )4 /96t as will be seen below.
As a result the integral equation (8) reduces to

T / 19 t _(91—92)2_9129%
2 8¢ 8t =
1+ 0,)do, =A 0,). 14
IO ZRGIE 29192]6 Y (02)d0; aVa (01 (14)
0
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The maximum of the expression in the exponent (saddle point) is at 6, =6,

(more exactly 0, =6, —613 +...). Near this saddle point we expand y,(0,) as
follows

Va®)+.. (15

— _ _ 2
/9_2: 1+92 61 :1+62 91 _(92 261) +.. (16)
91 91 29] 891

Let us introduce new scaled variables

a2
wa<ez>=wa<el>+<ez—%wumw@

and

92 —91 = tl/zx ,

0,=1"r. (17)

Now v, (0) =y, (r) and

1/3_2
W (02) > Wa (1) + 10y () + —— W () +.. (18)
1/6 1/3_.2
O L1b X L o), (19)
91 2r 8r2
(0,-6,)° 6763 x2 34
exp| — - —>exp| —-— . 20
Xp( 81 87 Ty T 20)

Summarizing all above we arrive at

—y A6 3.2 A3 , Anz2
| 1/6£1+ - I+ W (1) + 1Oy (1) + —— g (1) [x
r

—rlt 2r 82 2
2 1/3_4
x“—=t"7r" | tdx
Xexp| — =\ (r. (21)
p[ g Jm “ve

At t —0, we can change the limits in the integral to [—ee,o0], then only

even powers in x gives contribution, so taking into account only terms up to 3

we obtain

on 1_Z1/3r4 +£ w +& \lI” +lw1 (r)_LW X
oo 8 2}"2 o 2 o , o 41’2 o

_x2/8 tdx
><ex/8

NP

=gV (22)
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After integration we obtain

N34 3 wa v 1 1
2t 1- = Wo 477 Vo + =V (N ——5 Vo [ZAgWy  (23)
8 2r r 4r

and, finally,

A r4
Vg _;W(x + E\Voc =EuV¥q» (24)
with
_ 2t=Mg
fo =7 AR 2)

So, we have Schrodinger equation for a particle with momentum /, =0 in

2D potential well U(r) = #* /16 . The boundary conditions are:

W5, (0)=0, o () =0. (26)

Normalization condition for y () is

23 I:lua(r)qfﬁ(r)rdr =8 - 27)

Lowest eigenvalues of equation (24) (corresponding to the largest A ) are

€y = 0.9305; 3.7819; 7.435; 11.628... (28)

2. Two-spin correlation function

As it was shown in [26] the two-spin correlation function is expressed by
following integral

1 .
<Sl . S1+n> = Fjgden Sll’len X

n—1 0
x[ Jd6, sin 6,y (8w (6,)(0 1)B®O)H (91,91+1)B(9n)[ J ; (29)
=1

where
0 . 0
cos— sin—

B(©) = % ‘| (30)

—sin— cos—
2 2

, [—/](e,e') 0 } :
H(6,0)=B(9) . |B®), (31)
0 A6,0)

and A(6, 9,) is given by (6) with /;(-z) replaced by [;(-z).
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Using the asymptotic expansion of the Bessel function

e’ 3 )
Ii(-z)=— 1-—+0 , 32
l( Z) \/E( 37 (Z )j ( )
we obtain
3 6+e
, , ' 2
H®,6)=40.0)] 2% : (33)
0+0 t
- 1+ -
2 200
where

[t _(8-6)> ¢%0?
4(8,0) /27:99' exp[ - - } (34)

The matrix H(6,0) is not symmetric. Therefore, to calculate <Sl ~S1+n> it
is necessary to solve a pair of the integral equations

I;H(Gl,ez)ﬁa(ez)sin(%)dez =Nl (01, (35)

o H (61,82)7,(0)sin(8)d0y =157 (8)). (36)

where HT (0;,0,) is transposed matrix H(0;,0,) and two-component vectors i,

u V
ﬁos _| "o ’ ‘70c _| "La (37)
U o V2.0

satisfy orthonormality relations,

and v,

j(fag (6)73(B)sin (6)d6 = j:vof (0)iig (0)sin (0)d0 =38, (38)
Then,
H(6,6)= Y Myig, (0)iig (8) . (39)

Atsmall 0;, 6, equations (35) and (36) reduce to

IAo(elaez)Hl— 26319 j”l,a(ez)"‘91”2,(x(62)}5in(92)d62 =Nty 0 (61) , (40)
0 19

_[AO (9, 92){—91%,04(92) + (1 + ﬁ]uz,a(ez )} sin (0, )d0, =Mguy (1) . (41)
5 162
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Integrating these equations near the saddle point similar to done above, we
get a pair of linear differential equation

1/3 4 1/3
tr 3t 4/3( 1 1
2t 1- —— U T4 U g U g —— U +
( 8 ZrZJ Lo Lo ™Mo 4,2 Lo

+26"3ruy o =M i1 g, (42)
1/3_4 1/3
t'r t 4/3( | 1
2t 1— +—— Uy 4 +4t Uy o +—Uy oy ——— U -
( 8 2]/‘2 J 2,00 ( 2,00 - 2,00 4}"2 2,0(}
4/3
-2t ruy o = Nol2,0 5 (43)
and, finally,
4
" 1 ! 1 l/' r
_ul,O( —;ul’a +r—21/l1,(x +Eu1,a +E”2,0€ = ].,L(xul’(x (44)
4
” 1 ’ v 14
—Up o ——Up ot Uy o — Uy o T Mgl (45)
r 16 2
where
_2t-Mg
The lowest eigenvalues of equations (44) and (45) are
Wy =1.4113; 1.8294; 3.983; 5.357; 7.576... 47
For v, similar procedure gives
4
" 1 1 r r
Vo _;Vl,(x +r_2vl,oc +Evl,oc _Evz,oc =UloV1,0 (48)
4
" 1 ’ v 14
Mo~ "ot 20T Va T Mo, (49)
r 16 2

It follows from Eqgs. (44)—(45) and (48)—(49) the function v, is connected

with 4 by relations vy o ==y o, V5 o = Uy o and therefore

2/3
t J.O (uz’auz’ﬁ —uj gl B )rdr =80, - (50)
Using (39) and (38) we obtain the correlation function (29) in a form
(S1-81en) = Dy o (s1)
o

where y, =m /Ay and
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T . oo
Jou= J.o Vo (O)uy o (B)sin(0)d0 = Io Vo (Mg g (r)rdr . (52)
At t—0
26— 413y, 3
=—F7—=1-2¢ Ug —€ (53)
2t_4t4/380 ( o O)

and the correlation function is

(S1-S1an) =2 fa expf=(n=120"3 (g — 29 )} (54)
o
According to (54) the correlation length & is
1 1.04
§:2(u1— )73 P (55)

Then susceptibility at 7 — 0 is

1 Ly Jo
=——>»(8;-S 1+2 1+1 56
* 3TN n < b 1+n [ Zl yocJ [ z“a_go (G0
Using normalization conditions we can rewrite

_ 2
, U Wo (M o (F)f’dr}
Jo =

(57)
j wo(r)rdrj (u%a ulza)m’r

which is independent of normalization and, therefore, is more convenient for
numerical calculations.

Now we see that fo% and (UL —€() depends on solution of differential
equations independent of ¢. So, the sum in % gives numerical constant

2
Zf—“ =3C. (58)
o Mo €0
Therefore, the low-temperature susceptibility behaves as
C‘Jll/ 3‘
xX= (39)
T4/3

Numerical calculations gives for the constant C the value C =1.070(1).

Thus, the critical index for the susceptibility in the critical point is 4/3 and
that for the correlation length is 1/3.

Conclusions

We have obtained the exact results for the low-temperature thermodynamics of
the classical F-AF model at the frustration parameter o =1/4, where the ground
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state phase transition from the ferromagnetic to the helical phase occurs. The main
result relates to the behavior of the zero-field susceptibility % and the correlation

length /.. It is shown that the critical exponents of ) and /. are changed from 2 to

4/3 and from 1 to 1/3 correspondingly, when o —1/4 from the ferromagnetic
side. In [27, 28] we have considered a continuum version of the model (1). In the
continuum limit the calculation of the partition function and the correlation function
is reduced to quantum problem of a particle in a potential well. Remarkably, the exact
low-temperature asymptotes of ) and /. of the continuum and lattice model

coincide. However, the use of the continuum approximation gives the leading term of

the low-temperature asymptotes only. The present method allows to obtain next

leading term of the asymptotes of 7 . It turns out that it is proportional to 13

It is interesting to compare the exact expression for the susceptibility with
the results found by approximate and numerical methods. The numerical data [29]
obtained using Monte Carlo simulations confirm the analytical result (59). One of
the analytical methods is the modified spin-wave theory (MSWT) proposed by
Takahashi [25] to extend the spin-wave theory to the low-dimensional spin systems
without LRO. Remarkably, this method gives the true critical exponent 4/3 for

the susceptibility behavior: x=ct_4/ 3, However, the numerical coefficient ¢

differs from the exact one and the MSWT result is ¢=1.19. It is interesting to note
that the MSWT gives the exact low-temperature asymptotic of ¥ for the classical

ferromagnetic chain (o0 =0), where = (2/ 3)t_2 [23]. Moreover, the MSWT gives
the exact result for ¥ at 7 — 0 for the quantum ferromagnetic chain with s =1/2 as

well. As was noted in Introduction, the quantum and the classical ferromagnetic
chains have universal low-temperature properties. The low-temperature
susceptibility of the ferromagnetic chain is described by the scaling function which
is valid for any value of spin s . Though for the F-AF model at ao.=1/4 there is no
rigorous proof of such universality we expect that for the quantum F-AF chain the
critical exponent of % is the same as in the classical model.
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